Application of the admitted Lie group of the \\ classical Boltzmann
  equation to classification of the \\ Boltzmann equation with a source term by Karnbanjong, Adisak et al.
ar
X
iv
:1
70
7.
00
89
5v
1 
 [m
ath
-p
h]
  4
 Ju
l 2
01
7
Application of the admitted Lie group of the
classical Boltzmann equation to classification of the
Boltzmann equation with a source term
Adisak Karnbanjonga, Amornrat Suriyawichitseraneea,
Yurii N. Grigorievb, Sergey V. Meleshkoa
a School of Mathematics, Institute of Science, Suranaree University of Technology,
Nakhon Ratchasima, 30000, Thailand
b Institute of Computational Technology, Novosibirsk 630090, Russia
E-mail: kadisak@g-mail.wu.ac.th, amornratjulie@gmail.com, grigor@ict.nsc.ru,
sergey@math.sut.ac.th
Abstract. The classical Boltzmann equation is an integro-differential equation which describes
the time evolution of rarefied gas in terms of a molecular distribution function. For some kinetic
problems where it is necessary to add in the Boltzmann equation a source term depending on
the independent and dependent variables. This paper is devoted to applying preliminary group
classification to the Boltzmann equation with a source function by using the Lie group L11 admitted
by the classical Boltzmann equation.
The developed strategy for deriving determining equation of an integro-differential equation
with a source (in general form) using a known Lie group admitted by the corresponding equation
without the source is applied to the Boltzmann equation with a source. Solving the determining
equation for the source function for each subalgebra of the optimal system of subalgebras of the
Lie algebra L11, a preliminary group classification of the Boltzmann equation with respect to the
source function is obtained.
Furthermore, representations of invariant solutions of the Boltzmann equation with a source are
presented. The reduced equations are also shown for some representations of invariant solutions.
1. Introduction
1.1. The full Boltzmann equation
Behavior of molecules of a rarefied gas is described by the Boltzmann equation in terms of the
distribution function f of molecules of the gas
ft + v · ∇xf = J(f, f), (1)
where J(f, f) is the collision integral
J(f, f) =
∫
R3
∫
S2
B(g, θ1)(f
∗f∗1 − ff1) dn dw. (2)
Here t is time, ∇x is the gradient with respect to the space variable x ∈ R3, B(g, θ1) is the collision
scattering function, f = f(x,v, t), f1 = f(x,w, t), f
∗ = f(x,v∗, t), f∗1 = f(x,w
∗, t), g = v −w is
the relative velocity of the colliding particles, g = ‖g‖2, w = (u1, v1, w1) ∈ R3, dw = du1dv1dw1
is a volume element in R3, and v,w are the pre-collision velocities of two particles having the
post-collision velocities v∗,w∗. The velocities v∗ and w∗ are determined by following formulae
v∗ =
1
2
(v+w+ gn), w∗ =
1
2
(v+w− gn),
where n is a unit vector varying on the unit sphere S2 = {n ∈ R3| ‖n‖2 = 1} such as
n ≡ (n1, n2, n3) = (sin θ1 cos ǫ, sin θ1 sin ǫ, cos θ1), ǫ, θ1 are the angles identifying a point on
the sphere in spherical coordinates, and dn is a surface element of unit sphere in R3, i.e.,
dn = sin θ1dθ1dǫ, where θ1 ∈ [0, π] , ǫ ∈ [0, 2π].
1.2. Group analysis of the classical Boltzmann equation
The presence of the complicated collision integral is one of the main difficulties for finding solutions
of the Boltzmann equation. Researchers have tried to find solutions of the Boltzmann equation
with simplified collision integral.
In 1975, A. V. Bobylev found a particular solution of the spatially homogeneous Boltzmann
equation with Maxwell molecules by applying the Fourier transform and representing the solution
in a special form [2]. Later, in 1976, M. Krook and T. T. Wu obtained the same solution by using
the moment generating function [18]. This solution (BKW solution) was obtained by representing
it in a special form [2] with a reduced number of independent variables.
One of the methods which allows finding solutions with a reduced number of independent
variables is the group analysis method. The first application of group analysis to integro-differential
kinetic equations was in [26], where the Vlasov equations of collisionless plasma were reduced to
a system of equations for moments, and the classical group analysis method was applied to a
subsystem which consists of finite number of partial differential equations. Then the number of
studied equations was extended to infinity. The method [26] was applied in [6, 7] to the Bhatnagar-
Gross-Krook (BGK) equation, which is a simplified model of the Boltzmann equation. In particular,
in [6, 7] it was found that the admitted Lie group of the BGK equation corresponds to the Lie
algebra L11 spanned by the basis generators:
X1 = ∂x, X2 = ∂y, X3 = ∂z, X4 = t∂x + ∂u, X5 = t∂y + ∂v,
X6 = t∂z + ∂w, X7 = y∂z − z∂y + v∂w − w∂v , X8 = z∂x − x∂z + w∂u − u∂w,
X9 = x∂y − y∂x + u∂v − v∂u, X10 = ∂t, X11 = t∂t + x∂x + y∂y + z∂z − f∂f . (3)
It should be noted that in [14, 12] it is shown that the Lie algebra (3) is isomorphic to the Lie
algebra admitted by the gas dynamics equations [21, 22].
In [10, 11], it was developed a direct method for applying group analysis to integro-differential
equations. In [3] the direct method was applied to the Boltzmann equation. More details can be
found in [9].
In order to model some physical situations by the Boltzmann equation, one needs to include
additional terms into the classical equation such as removal events (e.g., chemical reactions),
interactions with a background host medium, and presence of an external source [24, 4, 5].
In [24], a particular solution of the spatially homogeneous Boltzmann equation with Maxwell
molecules including removal was found. The authors of [23] showed that using an equivalence
transformation one can reduce the Boltzmann equation with removal to the classical Boltzmann
equation.
In [20], using the method developed in [18], a nonlinear second-order partial differential equation
was derived from the Boltzmann equation for the spatially homogeneous case with a source
function. Applying the classical group analysis method, some forms of invariant solutions were
found. However, because of the presence of a nonlocal term in the equation, the classical group
analysis method cannot be applied to the equation. The results of [20] were corrected in [13, 15],
where the authors obtained the determining equation by using the method developed for equations
with nonlocal terms, and the complete group classification of the equation with a source was
obtained.
The determining equation of the Fourier image of the spatially homogeneous and isotropic
Boltzmann equation with a source was studied in [16, 25, 19]. The equation with q = q(x, t) and
q = q(x, t, ϕ) was analyzed in [16] and [19], respectively, using the analysis which was applied in
[13, 15]. Later, in [25], it was shown that the group classification obtained in [16] is complete.
This paper is devoted to application of the method of preliminary group classification [19] for
group classification of the Boltzmann equation
∂f
∂t
+ v · ∇xf − J(f, f) = q (4)
with respect to the source term using the Lie group L11. The function q depends on both, the
independent and dependent variables, i.e., q = q(t,x,v, f).
1.3. Preliminary group classification
Besides complete group classification there is a method proposed in [1] which is called preliminary
group classification. Further development of this method for differential equations is given in
[17, 8]. The main idea of preliminary group classification is based on the study of only those
extensions of the kernel of admitted Lie groups that are induced by the transformations from the
corresponding equivalence Lie group. The problem of finding inequivalent cases of such extensions
of symmetry then reduces to the classification of inequivalent subgroups of the equivalence Lie
group. In particular, if a Lie group is finite-parameter, then one can use an optimal systems of its
subgroups.
1.4. Structure of the paper
The paper is separated into three parts. The first part of the paper is devoted to the general
study of deriving determining equation of the Lie group admitted by nonlocal equation Φ(f) = q
using the group properties of the homogeneous equation Φ(f) = 0: a strategy for constructing the
determining equation for the source function q is derived.
The developed strategy is applied to Eq. (4) in the next part. The determining equation for
the function q(x, y, z, u, v, w, t, f) for each subalgebra of the optimal system of subalgebras of the
Lie algebra L11 were studied. Obtaining the source function is illustrated by some examples. The
complete results of the preliminary group classification are presented in Appendix Appendix C. It
should be noted that L11 is admitted by Eq. (4) only with the source term q = Cf
2, where C is
constant.
The third part of the paper provides representations of invariant solutions of Eq. (4). Complete
results of the representations of invariant solutions are given in Appendix Appendix D. The reduced
equations are also considered in this part.
2. Method applied in the paper
The basic idea of the method is as follows. Consider an equation with nonlocal operator
Φ(x, f) = 0, (5)
where x = (x1, . . . , xn) is the vector of the independent variables, f is the dependent variable, and
Φ is a nonlocal operator acting on f . There are many situations where after group analysis of Eq.
(5), it is of interest to classify an inhomogeneous equation of the form
Φ(x, f) = q,
where q is an arbitrary function1 with respect to which a group classification required. The basic
idea is to exploit group properties of the homogeneous equation (5) such as admitted Lie algebra,
an optimal system of subalgebras of the Lie algebra and representations of invariant solutions.
1 In many equations of mathematical physics the function q plays the role of a source.
Let
X = ξi(x, f)∂xi + η(x, f)∂f (6)
be a generator of a Lie group G1:
x¯ = g(x, f ; a), f¯ = ψ(x, f ; a), (7)
admitted by Eq. (5), where a is a parameter of the Lie group.
The property of G1 to be admitted provides that
X˜(Φ) + ξiDi(Φ) = hXΦ, (8)
where Di are the total derivatives with respect to xi, (i = 1, 2 . . . , n), and X˜ is the prolongation
of the canonical Lie-Ba¨cklund operator which is equivalent to the generator X:
X˜ = η˜∂f +Dk(η˜)∂fxk + · · · . (9)
In general, hX is a functional, whereas for partial differential equations hX is a function of the
independent and dependent variables and their derivatives. Here η˜ = η − ξifxi, and the actions of
the derivatives ∂f and ∂fxk are considered in terms of the Fre´chet derivatives.
For the preliminary group classification of the equation
Φ(x, f) = q (10)
one uses the Lie algebra admitted by the homogeneous equation (5). Here q is an arbitrary function
of the independent and dependent variables, i.e., q = q(x, f).
First, one defines the determining equation for a Lie algebra admitted by Eq. (10), and then
this determining equation is simplified by using the property that the admitted generator belongs
to a Lie algebra admitted by Eq. (5).
According to the definition for a Lie group G1 to be admitted [10, 9], one has the determining
equation
(X˜(Φ− q))|(10) = 0, (11)
which is further used for the group classification. Here |(10) means that the determining equation
(11) is satisfied for any solutions of Eq. (10).
For the preliminary group classification studied in this paper the generator X is assumed to
belong to a Lie algebra admitted by the homogeneous equation. Hence, the generator X satisfies
the property (8). Using this property, one obtains that
X˜(Φ− q) = X˜(Φ)− X˜(q). (12)
As the function q only depends on the dependent and independent variables, then X˜(q) =
X(q)− ξiDi(q). Hence, by virtue of (8),
X˜(Φ− q) = hXΦ−X(q)− ξiDi(Φ− q). (13)
Considering Eq. (13) on a solution of Eq. (10), one derives the determining equation,
h˜Xq −X(q) = 0, (14)
where h˜X = (hX)|(10).
Thus, one comes to the following algorithm for a preliminary group classification of non-
homogeneous equation (10) with the help of a Lie group admitted by the homogeneous equation
(5).
Let Ln be a finite-dimensional Lie algebra and its basis generators X1,X2, . . . ,Xn.
Step 1 Take a subalgebra Lk, (k ≤ n) from an optimal system of subalgebras of Ln, with the
basis generators Yi = c
j
iXj , (i = 1, 2, . . . , k).
Step 2 Compute the prolongation Y˜i of the canonical Lie-Ba¨cklund operator corresponding to the
generator Yi (i = 1, . . . , k).
Step 3 Solve the overdetermined system of k partial differential equations
h˜Yiq − Yi(q) = 0, (i = 1, . . . , k), (15)
where h˜Yi = (hYi)|(10). The found solution provides a function q(x, f) such that Eq. (10)
admits the Lie algebra Lk.
As the Lie algebra Ln is determined by its basis generators X1, . . . ,Xn, the functions hYi in Eq.
(15) can be also written through the functions hXj , (j = 1, . . . , n). In fact, because of the linearity
of the Lie-Ba¨cklund operator,
Y˜i = c
j
i X˜j , (16)
hence,
hYiΦ = Y˜i(Φ) + ξ
k
Yi
Dk(Φ)
= cji X˜j(Φ) + c
j
i ξ
k
Xj
Dk(Φ)
= cji (X˜j(Φ) + ξ
k
Xj
Dk(Φ))
= cjihXjΦ. (17)
Thus, the determining equation (15) becomes
c
j
i (h˜Xjq −Xj(q)) = 0, (i = 1, . . . , k). (18)
3. Group classification of source functions
This section gives examples which illustrate the application of the above strategy. Complete results
of the preliminary group classification are presented in Appendix Appendix C.
Let Φ be the operator
Φ(f) = ft + ufx + vfy + wfz − J(f, f), (19)
where J(f, f) is the collision integral (2).
As mentioned in the Introduction, the Boltzmann equation Φ(f) = 0 admits the Lie algebra L11
with the basis generators (3). The Lie algebra L11 is isomorphic to the Lie algebra L
g
11 admitted by
the gas dynamics equations [14, 12]. In [22], an optimal system of subalgebras of Lg11 is constructed.
Because of the isomorphism of L11 and L
g
11, one can apply the method described above for solving
the preliminary group classification problem of the Boltzmann equation with a source,
Φ(f) = q. (20)
First, one provides definitions, equations, and their variables which are useful for the next
section.
Let f = f0(x, y, z, u, v, w, t) be a function; the transformed function is denoted as f¯ =
fa(x¯, y¯, z¯, u¯, v¯, w¯, t¯). The collision integral for the transformed function has the form
J(f¯ , f¯) =
∫
R3
∫
S2
B(g¯, θ1)(f¯
∗f¯∗1 − f¯ f¯1)dndw (21)
where
f¯ = f¯(x¯, v¯, t¯), f¯1 = f¯(x¯,w, t¯), f¯
∗ = f¯(x¯, v¯∗, t¯), f¯∗1 = f¯(x¯, w¯
∗, t¯),
x¯ = (x¯, y¯, z¯), v¯ = (u¯, v¯, w¯), w = (u1, v1, w1), v¯
∗ =
1
2
(v¯+w+ g¯n),
w¯∗ =
1
2
(v¯+w− g¯n), g¯ = v¯−w, g¯ = ‖g¯‖2. (22)
In this section one shows that Eq. (18) for the Boltzmann equation (20) is
c11i (2q) + c
j
i (Xj(q)) = 0, (i = 1, . . . , k). (23)
3.1. The functions h˜Xj , (j = 1, 2, . . . , 11)
First, it should be noted that for deriving a function transformed by the Lie group corresponding to
(3) there is no necessity to apply the inverse function theorem. In this case for finding the functions
hXj one can use the algorithm which is illustrated here by the generator X11.
The group of transformations corresponding to the generator X11 is
x¯ = xea, y¯ = yea, z¯ = zea, u¯ = u, v¯ = v, w¯ = w, t¯ = tea, f¯ = fe−a. (24)
This group of transformations maps a function f = f0(x, y, z, u, v, w, t) to the function f¯ =
fa(x¯, y¯, z¯, u¯, v¯, w¯, t¯), where the transformed function is determined by the formula
f¯(x¯, y¯, z¯, u¯, v¯, w¯, t¯) = e−af0(x¯e
−a, y¯e−a, z¯e−a, u¯, v¯, w¯, t¯e−a). (25)
It follows that
(Φ(f¯))(x¯, y¯, z¯, u¯, v¯, w¯, t¯) = e−2a(f0t + uf0x + vf0y + wf0z
− J(f0, f0))(x¯e−a, y¯e−a, z¯e−a, u¯, v¯, w¯, t¯e−a)
= e−2a(Φ(f0))(x¯e
−a, y¯e−a, z¯e−a, u¯, v¯, w¯, t¯e−a). (26)
Differentiating the latter relation with respect to a and setting a = 0, one derives
X˜11(Φ) = −2Φ− xDx(Φ)− yDy(Φ)− zDz(Φ)− tDt(Φ). (27)
As
hX11Φ = X˜11(Φ) + (xDx(Φ) + yDy(Φ) + zDz(Φ) + tDt(Φ)) = −2Φ, (28)
one finds that
h˜X11 = −2. (29)
Similarly, one obtains that
h˜Xj = 0, (j = 1, 2, . . . , 10). (30)
3.2. Illustrative examples of finding a source function
For solving differential equations corresponding to a subalgebra of the Lie algebra L11 one needs
to find their integrals. Among these subalgebras there are subalgebras containing the generators
of the rotations X7, X8, and X9. In some of these cases it is appropriate to write the determining
equations (23) in the cylindrical or spherical coordinate systems. It should also be mentioned that
the necessity of the changing the coordinate system depends on the complexity of the system of
determining equations. As different coordinate systems are used, we provide illustrative examples in
all of these coordinate systems. The changes of variables in the cylindrical and spherical coordinate
systems are provided in Appendix Appendix A.
3.2.1. A source function corresponding to the subalgebra 1.8 : {X11} Substituting
c111 = 1, c
j
1 = 0, j 6= 11
into (23), one obtains the partial differential equation
2q − fqf + tqt + xqx + yqy + zqz = 0. (31)
The general solution of Eq. (31) has the form
q = t−2Ψ(
x
t
,
y
t
,
z
t
, u, v, w, ft),
where Ψ is an arbitrary function of 7 variables.
3.2.2. A source function corresponding to the subalgebra 1.2 : {βX4 +X7}, β 6= 0 Substituting
c41 = β, c
7
1 = 1, c
j
1 = 0, j 6= 4, 7
into (23), one obtains the equation
βqu + βtqx −wqv + vqw − zqy + yqz = 0. (32)
Using change of variables in cylindrical coordinates, Eq. (32) becomes
βqu + βtqx + qθ = 0.
The general solution of Eq. (32) in the cylindrical coordinate system has the form
q = Ψ(t, r, βθ − x
t
, u− x
t
, V,W, f),
where Ψ is an arbitrary function of 7 variables.
3.2.3. A source function corresponding to the subalgebra 3.8 : {X7,X8,X9} Substituting the
coefficients
c71 = 1, c
j
1 = 0, j 6= 7; c82 = 1, cj2 = 0, j 6= 8; c93 = 1, cj3 = 0, j 6= 9
into (23), one obtains the system of three partial differential equations:
−wqv + vqw − zqy + yqz = 0, (33)
wqu − uqw + zqx − xqz = 0, (34)
−vqu + uqv − yqx + xqy = 0. (35)
Using a change of variables to the spherical coordinate system, Eqs. (33)-(35) become
− sin(ϕ)qθ − cos(ϕ) cot(θ)qϕ − cos(ϕ)
sin(θ)
(WqV − V qW ) = 0, (36)
cos(ϕ)qθ − sin(ϕ) cot(θ)qϕ − sin(ϕ)
sin(θ)
(WqV − V qW ) = 0, (37)
qϕ = 0. (38)
Because of Eq. (38), q does not depend on ϕ, i.e., q = q(r, θ, U, V,W, t, f). Eqs. (36)-(37) become
sin(θ) sin(ϕ)qθ + cos(ϕ)(WqV − V qW ) = 0,
sin(θ) cos(ϕ)qθ − sin(ϕ)(WqV − V qW ) = 0.
The latter system of equations can be rewritten in the form
qθ = 0,
WqV − V qW = 0.
The general solution of Eqs. (33)-(35) in the spherical coordinate system has the form
q = Ψ(t, r, U,
√
V 2 +W 2, f),
where Ψ is an arbitrary function of 5 variables.
4. Representations of invariant solutions and the reduced Boltzmann equation
This section is devoted to obtaining representations of invariant solutions of the Boltzmann equation
with a source function. Besides discussing representations of invariant solutions, this section is also
devoted to finding reduced equations. It should be noted that for some of representations of
invariant solutions, the problem of obtaining a reduced equation is extremely difficult.
In the previous section source functions qk are obtained for all subalgebras Lk of the optimal
system of the Lie algebra L11 such that the Boltzmann equation with the source function qk admits
the Lie algebra Lk.
Let L be any subalgebra of Lk. As Lk is a subalgebra of L11, then L is a subalgebra of L11.
According to the definition of an optimal system of subalgebras, L is equivalent to one of subalgebras
of the optimal system of subalgebras of the Lie algebra L11, say L˜. Hence, invariant solutions with
respect to these subalgebras L and L˜ are equivalent.
As the set of representations of invariant solutions of all subalgebras from the optimal system
of subalgebras will be found, and because solutions invariant with respect to the subalgebra L and
the subalgebra L˜ are equivalent, then the representations of all invariant solutions will be given.
In this section representations of invariant solutions will be constructed for all subalgebras of
the optimal system. This study will provide representations of all possible invariant solutions of
the Boltzmann equation of the form (20).
4.1. Illustrative examples of obtaining the representation of invariant solution
In this section examples which illustrate the method of finding a representation of invariant solutions
in the Cartesian, cylindrical, and spherical coordinate systems are given.
4.1.1. A representation of invariant solutions corresponding to the subalgebra 1.8 : {X11} For
this subalgebra, for finding invariants one needs to solve the equation
X11(J) = 0,
i.e.,
tJt + xJx + yJy + zJz − fJf = 0. (39)
The independent invariants of Eq. (39) are
J1 =
x
t
, J2 =
y
t
, J3 =
z
t
, J4 = u, J5 = v, J6 = w, J7 = ft.
A representation of invariant solutions for this subalgebra has the form
f = t−1Ω(
x
t
,
y
t
,
z
t
, u, v, w),
where Ω is an arbitrary function of 6 variables.
4.1.2. A representation of invariant solutions corresponding to the subalgebra 1.2 : {βX4+X7}, β 6=
0 In the cylindrical coordinate system, the generator of this subalgebra is
βX4c +X7c,
where X4c = t∂x + ∂u, X7c = ∂θ. For this subalgebra, for finding invariants one needs to solve the
equation
β(tJx + Ju) + Jθ = 0, (40)
where J = J(x, r, θ, u, V,W, t, f). The independent invariants of Eq. (40) are
J1 = t, J2 = r, J3 = βθ − x
t
, J4 = u− x
t
, J5 = V, J6 = W,J7 = f,
and a representation of invariant solutions in the cylindrical coordinate system for this subalgebra
is
f = Ω(t, r, βθ − x
t
, u− x
t
, V,W ),
where Ω is an arbitrary function of 6 independent variables.
4.1.3. A representation of invariant solutions corresponding to the subalgebra 3.8 : {X7,X8,X9}
In the spherical coordinate system, the generators of this subalgebra are
X7s = − sin(ϕ)∂θ − cos(ϕ) cot(θ)∂ϕ − cos(ϕ)
sin(θ)
(W∂V − V ∂W ),
X8s = cos(ϕ)∂θ − sin(ϕ) cot(θ)∂ϕ − sin(ϕ)
sin(θ)
(W∂V − V ∂W ),
X9s = ∂ϕ.
For this subalgebra, one needs to solve the system of equations
− sin(ϕ)Jθ − cos(ϕ) cot(θ)Jϕ − cos(ϕ)
sin(θ)
(WJV − V JW ) = 0, (41)
cos(ϕ)Jθ − sin(ϕ) cot(θ)Jϕ − sin(ϕ)
sin(θ)
(WJV − V JW ) = 0, (42)
Jϕ = 0, (43)
where J = J(r, θ, ϕ, U, V,W, t, f). The independent invariants of Eqs. (41)-(43) are
J1 = t, J2 = r, J3 = U, J4 =
√
V 2 +W 2, J5 = f.
Thus, a representation of invariant solutions in the spherical coordinate system for this subalgebra
is
f = Ω(t, r, U,
√
V 2 +W 2),
where Ω is an arbitrary function of 4 variables.
4.2. Illustrative examples of obtaining reduced equations
The full Boltzmann equation with a source function in cylindrical and spherical coordinate systems
are provided in Appendix Appendix A. Substituting the source function and the representation of
an invariant solution found above into the Boltzmann equation, one obtains the reduced Boltzmann
equation with a source function. In this section some examples of obtaining a reduced equation
with a source function in Cartesian, and cylindrical coordinate systems are presented.
4.2.1. Reduced equation for the subalgebra 1.8 : {X11} A source function and a representation of
invariant solutions corresponding to subalgebra {X11} are
q = t−2Ψ(p1, p2, p3, u, v, w, ft), f = t
−1Ω(p1, p2, p3, u, v, w),
where p1 =
x
t
, p2 =
y
t
, p3 =
z
t
. The differential part of the Boltzmann equation (4) becomes
ft + ufx + vfy + wfz = t
−2(−Ω+ (u− p1)Ωp1 + (v − p2)Ωp2 + (w − p3)Ωp3). (44)
As f = t−1Ω(x
t
, y
t
, z
t
, u, v, w), then
f1 = t
−1Ω(
x
t
,
y
t
,
z
t
, u1, v1, w1),
f∗ = t−1Ω(
x
t
,
y
t
,
z
t
,
1
2
(u+ u1 + gn1),
1
2
(v + v1 + gn2),
1
2
(w +w1 + gn3)),
f∗1 = t
−1Ω(
x
t
,
y
t
,
z
t
,
1
2
(u+ u1 − gn1), 1
2
(v + v1 − gn2), 1
2
(w +w1 − gn3)),
and
q = t−2Ψ(p1, p2, p3, u, v, w,Ω). (45)
The collision term in (4) becomes
J(f, f) = t−2
∫
R3
∫
S2
B(g, θ1)(Ω
∗Ω∗1 − ΩΩ1) sin θ1 dθ1 dǫ du1 dv1 dw1, (46)
where
Ω = Ω(p1, p2, p3, u, v, w), Ω1 = Ω(p1, p2, p3, u1, v1, w1),
Ω∗ = Ω(p1, p2, p3,
1
2
(u+ u1 + gn1),
1
2
(v + v1 + gn2),
1
2
(w +w1 + gn3)),
Ω∗1 = Ω(p1, p2, p3,
1
2
(u+ u1 − gn1), 1
2
(v + v1 − gn2), 1
2
(w +w1 − gn3))
g =
√
(u− u1)2 + (v − v1)2 + (w − w1)2, p1 = x
t
, p2 =
y
t
, p3 =
z
t
.
Substituting (44), (45), and (46) into the Boltzmann equation (4), and multiplying the obtained
equation by t2, one derives the reduced equation
−Ω+ (u− p1)Ωp1 + (v − p2)Ωp2 + (w − p3Ωp3)− J(Ω,Ω) = Ψ(p1, p2, p3, u, v, w,Ω),
where
J(Ω,Ω) =
∫
R3
∫
S2
B(g, θ1)(Ω
∗Ω∗1 − ΩΩ1) sin θ1 dθ1 dǫ du1 dv1 dw1.
4.2.2. Reduced equation for the subalgebra 1.2 : {βX4+X7}, β 6= 0 For this case a source function
and a representation of invariant solutions are
q = Ψ(t, r, p, u˜, V,W, f), f = Ω(t, r, p, u˜, V,W ),
where p = βθ − x
r
, u˜ = u− x
t
. The differential part of the Boltzmann equation (??) becomes
ft + ufx + V fr +
W
r
fθ +
W 2
r
fV − WV
r
fW = Ωt + (
βW
r
− u˜
t
)Ωp + V Ωr − u˜
t
Ωu˜
+
W 2
r
ΩV − V W
r
ΩW . (47)
As f = Ω(t, r, βθ − x
r
, u− x
t
, V,W ), then
f1 = Ω(t, r, βθ − x
r
, u1 − x
t
, V1,W1),
f∗ = Ω(t, r, βθ − x
r
,
1
2
((u− x
t
) + (u1 − x
t
) + gcn1c),
1
2
(V + V1 + gcn2c),
1
2
(W +W1 + gcn3c)),
f∗1 = Ω(t, r, βθ −
x
r
,
1
2
((u− x
t
) + (u1 − x
t
)− gcn1c), 1
2
(V + V1 − gcn2c),
1
2
(W +W1 − gcn3c)), (48)
and
q = Ψ(t, r, p, u˜, V,W,Ω). (49)
Substituting (48) into the collision integral of the Boltzmann equation (??), and using the change
of variable: u˜1 = u1 − xt , one obtains
J(f, f) =
∫
R3
∫
S2
B(gc, θ1)(Ω
∗Ω∗1 − ΩΩ1) sin θ1 dθ1 dǫ du˜1 dV1 dW1, (50)
where
Ω = Ω(t, r, p, u˜, V,W ), Ω1 = Ω(t, r, p, u˜1, V1,W1),
Ω∗ = Ω(t, r, p,
1
2
(u˜+ u˜1 + gcn1c),
1
2
(V + V1 + gcn2c),
1
2
(W +W1 + gcn3c)),
Ω∗1 = Ω(t, r, p,
1
2
(u˜+ u˜1 − gcn1c), 1
2
(V + V1 − gcn2c), 1
2
(W +W1 − gcn3c)),
gc =
√
(u˜− u˜1)2 + (V − V1)2 + (W −W1)2, p = βθ − x
r
, u˜ = u− x
t
.
Substituting (47), (49), and (50) into the Boltzmann equation in the cylindrical coordinate system,
the reduced equation is
Ωt + (
βW
r
− u˜
t
)Ωp + V Ωr − u˜
t
Ωu˜ +
W 2
r
ΩV − VW
r
ΩW − J(Ω,Ω)
= Ψ(t, r, p, u˜, V,W,Ω),
where
J(Ω,Ω) =
∫
R3
∫
S2
B(gc, θ1)(Ω
∗Ω∗1 − ΩΩ1) sin θ1 dθ1 dǫ du˜1 dV1 dW1.
5. Conclusion
The present paper gives a preliminary group classification of the full Boltzmann equation with a
source term
ft + ufx + vfy + wfz − J(f, f) = q, (51)
where q = q(x, y, z, u, v, w, t, f). For the preliminary group classification the Lie algebra L11
admitted by the classical Boltzmann equation without the a source term is applied. All source
functions such that the Boltzmann equation (51) admits a subalgebra of L11 are obtained.
Representations of all invariant solutions are given in the paper.
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Appendix A. Cylindrical coordinates
Consider the following change of variables [22]
z = r sin θ, y = r cos θ, v = V cos θ −W sin θ, w = V sin θ +W cos θ,
where θ ∈ [0, 2π) , r ≥ 0.
The basis generators in cylindrical coordinates are
X1c = ∂x, X2c = cos θ∂r − sin θ
r
∂θ − W sin θ
r
∂V +
V sin θ
r
∂W ,
X3c = sin θ∂r +
cos θ
r
∂θ +
W cos θ
r
∂V − V cos θ
r
∂W , X4c = t∂x + ∂u,
X5c = t cos θ∂r − t sin θ
r
∂θ + (cos θ − tW sin θ
r
)∂V + (
tV sin θ
r
− sin θ)∂W ,
X6c = t sin θ∂r +
t cos θ
r
∂θ + (sin θ +
tW cos θ
r
)∂V + (cos θ − tV cos θ
r
)∂W , X7c = ∂θ,
X8c = r sin θ∂x − x sin θ∂r − x cos θ
r
∂θ + (V sin θ +W cos θ)∂u
+ (−u sin θ − xW cos θ
r
)∂V + (
xV cos θ
r
− u cos θ)∂W ,
X9c = −r cos θ∂x + x cos θ∂r − x sin θ
r
∂θ + (−V cos θ +W sin θ)∂u
+ (u cos θ − xW sin θ
r
)∂V − u sin θ∂W ,
X10c = ∂t, X11c = t∂t + x∂x + r∂r − f∂f .
The Boltzmann equation in cylindrical coordinates is
ft + ufx + V fr +
W
r
fθ +
W 2
r
fV − WV
r
fW = J(f, f),
where f = f(x, r, θ, u, V,W, t), and the collision integral
J(f, f) =
∫
R3
∫
S2
B(gc, θ1)(f
∗f∗1 − ff1) sin θ1 dθ1 dǫ du1 dV1 dW1.
Here
f = f(x, r, θ, u, V,W, t), f1 = f(x, r, θ, u1, V1,W1, t),
f∗ = f(x, r, θ, u∗, V ∗,W ∗, t), f∗1 = f(x, r, θ, u
∗
1, V
∗
1 ,W
∗
1 , t),
and
u∗ =
1
2
(u+ u1 + gcn1c), V
∗ =
1
2
(V + V1 + gcn2c), W
∗ =
1
2
(W +W1 + gcn3c),
u∗1 =
1
2
(u+ u1 − gcn1c), V ∗1 =
1
2
(V + V1 − gcn2c), W ∗1 =
1
2
(W +W1 − gcn3c),
gc = ((u− u1), (V − V1), (W −W1)), gc = ‖gc‖2,
nc = (n1c, n2c, n3c) = (cos θ1, cos (ǫ− θ) sin θ1, sin (ǫ− θ) sin θ1).
Remark: n := (cos θ1, sin θ1 cos ǫ, sin θ1 sin ǫ), gc = g, and gc · nc = g · n.
Appendix B. Spherical coordinates
Consider the following change of variables [22]
x = r sin θ cosϕ, y = r sin θ sinϕ, z = r cos θ, u = U sin θ cosϕ+ V cos θ cosϕ−W sinϕ,
v = U sin θ sinϕ+ V cos θ sinϕ+W cosϕ,w = U cos θ − V sin θ,
where ϕ ∈ [0, π) , θ ∈ [0, 2π).
Some basis generators in spherical coordinates are
X7s = − sin(ϕ)∂θ − cos(ϕ) cot(θ)∂ϕ − cos(ϕ)
sin(θ)
(W∂V − V ∂W ),
X8s = cos(ϕ)∂θ − sin(ϕ) cot(θ)∂ϕ − sin(ϕ)
sin(θ)
(W∂V − V ∂W ),
X9s = ∂ϕ, X10s = ∂t, X11s = t∂t + r∂r − f∂f .
The Boltzmann equation in spherical coordinates is
ft + Ufr +
W
r sin θ
fϕ +
V
r
fθ +
V 2 +W 2
r
fU +
W 2 cot θ − UV
r
fV − W (U + V cot θ)
r
fW = J(f, f),
where f = f(r, ϕ, θ, U, V,W, t), and the collision integral
J(f, f) =
∫
R3
∫
S2
B(gs, θ1)(f
∗f∗1 − ff1) sin θ1 dθ1 dǫ dU1 dV1 dW1.
Here
f = f(r, ϕ, θ, U, V,W, t), f1 = f(r, ϕ, θ, U1, V1,W1, t),
f∗ = f(r, ϕ, θ, U∗, V ∗,W ∗, t), f∗1 = f(r, ϕ, θ, U
∗
1 , V
∗
1 ,W
∗
1 , t),
and
U∗ =
1
2
(U + U1 + gsn1s), V
∗ =
1
2
(V + V1 + gsn2s), W
∗ =
1
2
(W +W1 + gsn3s),
U∗1 =
1
2
(U + U1 − gsn1s), V ∗1 =
1
2
(V + V1 − gsn2s), W ∗1 =
1
2
(W +W1 − gsn3s),
gs = ((U − U1), (V − V1), (W −W1)), gs = ‖gs‖2, ns = (n1s, n2s, n3s),
n1s = cos (ǫ− ϕ) sin θ sin θ1 + cos θ1 cos θ, n2s = cos (ǫ− ϕ) cos θ sin θ1 − cos θ1 sin θ,
n3s = sin (ǫ− ϕ) sin θ1.
Remark: n = (sin θ1 cos ǫ, sin θ1 sin ǫ, cos θ1), gs = g, and gs · ns = g · n.
Appendix C. Group classification of the Boltzmann equation with a source function
Complete results of the preliminary group classification of the Boltzmann equation with a source
function are shown in this Appendix. Numbers in the first column are subalgebra numbers of
the form m.n, where n represents number of a subalgebra from m-dimensional subalgebras. The
superscripts c, and s which are next to this subalgebra number in the first column indicate that
the source function q is presented in cylindrical or spherical coordinate systems, respectively. Here
Ψk is an arbitrary function of k independent variables, and C is constant.
Table C1. Group classification of Eq. (4).
Subalgebra no. Source function q Subalgebra
1.1c t−2Ψ7(
x
t
− β
α
ln t, r
t
, θ − 1
α
ln t, u− β
α
ln t, V,W, ft) β4 + 7 + α11, α 6= 0
1.2c Ψ7(t, r, βθ − xt , u− xt , V,W, f) β4 + 7, β 6= 0
1.3c Ψ7(t, x, r, u, V,W, f) 7
1.4c Ψ7(t, r, x− θ, u, V,W, f) 1 + 7
1.5c Ψ7(t
2 − 2x, r, t− βθ, u− t, V,W, f) β4 + 7 + β10, β 6= 0
1.6c Ψ7(x, r, t− θ, u, V,W, f) 7 + 10
1.7 t−2Ψ7(
y
t
, z
t
, x
t
− β ln t, u− β ln t, v, w, ft) β4 + 11, β 6= 0
1.8 t−2Ψ7(
x
t
, y
t
, z
t
, u, v, w, ft) 11
1.9 Ψ7(t
2 − 2x, y, z, u − t, v, w, f) 4 + 10
1.10 Ψ7(x, y, z, u, v, w, f) 10
1.11 Ψ7(t, x− tz, y, u− z, v, w, f) 3 + 4
1.12 Ψ7(t, y, z, u − xt , v, w, f) 4
1.13 Ψ7(t, y, z, u, v, w, f) 1
2.1c x−2Ψ6(
r
x
, αθ − lnx, u, V,W, fx) 10, 7 + α11, α 6= 0
2.2c t−2Ψ6(
r
t
, x
t
− αθ − β ln t, u− αθ − β ln t, V,W, ft) α4 + 7, β4 + 11
2.3c t−2Ψ6(
r
t
, αθ − ln t, u− x
t
, V,W, ft) 4, 7 + α11, α 6= 0
2.4c t−2Ψ6(
r
t
, αθ − ln t, u− β
α
ln t, V,W, ft) 1, β4 + 7 + α11, α 6= 0
2.5c Ψ6(r, x, u, V,W, f) 7, 10
2.6c Ψ6(r, x− θ, u, V,W, f) 1 + 7, 10
2.7c Ψ6(r, 2(x − αθ)− t2, u− t, V,W, f) α1 + 7, 4 + 10
2.8c Ψ6(t, r, u − xt , V,W, f) 4, 7
2.9c Ψ6(t, r, u − βθ, V,W, f) 1, β4 + 7
2.10c Ψ6(t, r, u − xt + θt , V,W, f) 4, 1 + 7
2.11c Ψ6(r, θ − t, u− βt, V,W, f) 1, β4 + 7 + 10
2.12 x−2Ψ6(
y
x
, z
x
, u, v, w, fx) 10, 11
2.13 t−2Ψ6(
y
t
, z
t
, u− x
t
, v, w, ft) 4, 11
2.14 t−2Ψ6(
y
t
− α ln t, z
t
, u− x
t
, v − α ln t, w, ft) 4, α5 + 11, α 6= 0
2.15 t−2Ψ6(
z
t
, y
t
− α ln t, u− β ln t, v − α ln t, w, ft) 1, β4 + α5 + 11, α 6= 0
2.16 t−2Ψ6(
y
t
, z
t
, u− β ln t, v, w, ft) 1, β4 + 11
2.17 Ψ6(y, z, u, v, w, f) 1, 10
2.18 Ψ6(2x− t2, y, u− t, v, w − αt, f) 3, 4 + α6 + 10, α 6= 0
2.19 Ψ6(y, z, u− t, v, w, f) 1, 4 + 10
Table C1. Group classification of Eq. (4) (Continued).
Subalgebra no. Source function q Subalgebra
2.20 Ψ6(t, α(ty − τz) + β(tz − σy) + x(στ − t2), u, v + βy−τxατ−βt , w + tx−αyατ−βt , f) α1 + σ3 + 5, β1 + τ2 + 6,
α2 + β2 + (σ + τ)2 = 1
2.21 Ψ6(t, x, u, v − z+tyt2+1 , w + y−tzt2+1 , f) 3 + 5, 2 − 6
2.22 Ψ6(t, x, u, v − yt , w − zt , f) 5, 6
2.23 Ψ6(t, x− αy − tz, u− z, v, w, f) α1 + 2, 3 + 4
2.24 Ψ6(t, z, u+
αy−x
t
, v, w, f) α1 + 2, 4
2.25 Ψ6(t, y, u− z, v, w, f) 1, 3 + 4
2.26 Ψ6(t, y, z, v, w, f) 1, 4
2.27 Ψ6(t, x, u, v, w, f) 2, 3
3.1c x−2Ψ5(
r
x
, u, V,W, fx) 7, 10, 11
3.2c e−2αθΨ5(re
−αθ, u− βθ, V,W, feαθ) 1, 10, β4 + 7 + α11
3.3c t−2Ψ5(
r
t
, u− x
t
, V,W, ft) 4, 7, 11
3.4c t−2Ψ5(
r
t
, u− αθ − β ln t, V,W, ft) 1, α4 + 7, β4 + 11
3.5 t−2Ψ5(
x
t
− β
α
ln t, u− β
α
ln t, arctan(
w− z
t
v− y
t
)− 1
α
ln t,
√
(v − y
t
)2 + (w − z
t
)2, f t) 5, 6, β4 + 7 + α11, α 6= 0
3.6c t−2Ψ5(
r
t
, αθ − ln t, V,W, ft) 1, 4, 7 + α11, α 6= 0
3.7 t−2Ψ5(
x
t
− β
α
ln t, u− β
α
ln t, arctan(w
v
)− 1
α
ln t,
√
v2 +w2, f t) 2, 3, β4 + 7 + α11, α 6= 0
3.8s Ψ5(t, r, U, V
2 +W 2, f) 7, 8, 9
3.9c Ψ5(r, u− t− αθ, V,W, f) 1, α4 + 7, 4 + 10
3.10 Ψ5(t,
x
t
− β arctan(w−
z
t
v− y
t
), u− β arctan(w−
z
t
v− y
t
),
√
(v − y
t
)2 + (w − z
t
)2, f) 5, 6, β4 + 7
3.11c Ψ5(t, r, V,W, f) 1, 4, 7
3.12 Ψ5(t, u− xt , arctan(wv )− xβt ,
√
v2 + w2, f) 2, 3, β4 + 7, β 6= 0
3.13 Ψ5(t, x, u,
√
v2 + w2, f) 2, 3, 7
3.14 Ψ5(t, u− αx1+αt , arctan(
w− z
t
v− y
t
)− x1+αt ,
√
(v − y
t
)2 + (w − z
t
)2, f) 5, 6, 1 + α4 + 7
3.15 Ψ5(t, u+ β arctan(
y−tv+w
z−tw−v ), x+ (α+ βt) arctan(
y−tv+w
z−tw−v ), 3 + 5, 2 − 6, α1 + β4 + 7√
(y − tv + w)2 + (z − tw − v)2, f)
3.16 Ψ5(t, u, arctan(
w
v
)− x,√v2 + w2, f) 2, 3, 1 + 7
3.17c Ψ5(t− θ, r, V,W, f) 1, 4, 7 + 10
3.18 Ψ5(2x− t2, u− t, arctan(wv )− tβ ,
√
v2 + w2, f) 2, 3, β4 + 7 + β10, β 6= 0
Table C1. Group classification of Eq. (4) (Continued).
Subalgebra no. Source function q Subalgebra
3.19 Ψ5(x, u, arctan(
w
v
)− t,√v2 + w2, f) 2, 3, 7 + 10
3.20 y−2Ψ5(
y
z
, u− β ln y, v, w, fy) 1, 10, β4 + 11
3.21 t−2Ψ5(
x
t
− β ln t, u− β ln t, v − y
t
, w − z
t
, f t) 5, 6, β4 + 11
3.22 t−2Ψ5(
y
t
− σ ln t, u− αz
t
− β ln t, v − σ ln t, w − z
t
, f t) 1, α4 + 6, β4 + σ5 + 11
3.23 t−2Ψ5(
y
t
, z
t
− σ ln t, v, w − σ ln t, f t) 1, 4, σ6 + 11, σ 6= 0
3.24 t−2Ψ5(
y
t
, z
t
, v, w, ft) 1, 4, 11
3.25 t−2Ψ5(
x
t
− β ln t, u− β ln t, v − σ ln t, w, ft) 2, 3, β4 + σ5 + 11, σ 6= 0
3.26 t−2Ψ5(
x
t
− β ln t, u− β ln t, v, w, ft), 2, 3, β4 + 11
3.27 Ψ5(t
2 − 2x+ 2αw, y − βw, u − t, v, f) 3, α1 + β2 + 6, 4 + 10
3.28 Ψ5(z, u− y, v, w, f) 1, 2 + 4, 10
3.29 Ψ5(y, z, v, w, f) 1, 4, 10
3.30 Ψ5(t
2 − 2x, u− t, v, w − σt, f) 2, 3, 4 + σ6 + 10, σ 6= 0
3.31 Ψ5(t
2 − 2x, u− t, v, w, f) 2, 3, 4 + 10
3.32 Ψ5(x, u, v, w − t, f) 2, 3, 6 + 10
3.33 Ψ5(x, u, v, w, f) 2, 3, 10
3.34 Ψ5(t, x− tu− δv + βw, y − tv + δu− σv − αw, −δ2 + β3 + 4, δ1 + σ2− α3 + 5,−β1 + α2 + τ3 + 6,
z − tw − βu+ αv − τw, f) α2 + β2 + δ2 + (σ + τ)2 = 1
3.35 Ψ5(t, x− tu, tw − z + v, y − tz + (t2 + 1)w, f) 4, 3 + 5, 2 − 6
3.36 Ψ5(t, u(t+ 1)− x, y − tv, z − tw, f) 1 + 4, 5, 6
3.37 Ψ5(t, u− xt , v − yt , w − zt , f) 4, 5, 6
3.38 Ψ5(t, τw + tv − y,w(σ − αt) + βv − x+ αz, u, f) α1 + 3, β1 + 5, σ1 + τ2 + 6, β2 + σ2 + τ2 = 1
3.39 Ψ5(t, y − tv, x− α(z − tw), u, f) α1 + 3, 5, 6
3.40 Ψ5(t, w(t
2 − τ) + y − tz, τw − y + tv, u, f) 1, 3 + 5, τ2 + 6, τ 6= −1
3.41 Ψ5(t, w(t
2 + 1) + y − tz, w + y − tv, u, f) 1, 3 + 5, 2 − 6
3.42 Ψ5(t, u, v − yt , w − zt , f) 1, 5, 6
3.43 Ψ5(t, tu− x+ βz, v, w, f) β1 + 3, 2, 4
3.44 Ψ5(t, u− xt , v, w, f) 2, 3, 4
3.45 Ψ5(t, u− z, v, w, f) 1, 2, 3 + 4
3.46 Ψ5(t, z, v, w, f) 1, 2, 4
3.47 Ψ5(t, u, v, w, f) 1, 2, 3
Table C1. Group classification of Eq. (4) (Continued).
Subalgebra no. Source function q Subalgebra
4.1s r−2Ψ4(
t
r
, U, V 2 +W 2, fr) 7, 8, 9, 11
4.2c r−2Ψ4(u− αθ, V,W, fr) 1, α4 + 7, 10, 11
4.3 e2α arctan(
v
w
)Ψ4(xe
α arctan( v
w
),
√
v2 + w2, u, fe−α arctan(
v
w
)) 2, 3, 10, 7 + α11
4.4c r−2Ψ4(αθ − ln r, V,W, fr) 1, 4, 10, 7 + α11, α 6= 0
4.5 t−2Ψ4(
√
(y−tv)2+(z−tw)2
t
, t−βe
x−αt arctan( z−tw
y−tv
)
t , t−βe
u−α arctan( z−tw
y−tv
)
, f t) 5, 6, α4 + 7, β4 + 11
4.6c r−2Ψ4(
t
r
, V,W, fr) 1, 4, 7, 11
4.7 t−2Ψ4(t
−βe
x+αt arctan( vw )
t , t−βeu+α arctan(
v
w
),
√
v2 + w2, f t) 2, 3, α4 + 7, β4 + 11
4.8 t−2Ψ4(
x−tu
t
,
√
(y−tv)2+(z−tw)2
t
, te
−α arctan( z−tw
y−tv
)
, f t) 4, 5, 6, 7 + α11, α 6= 0
4.9 e
−2α arctan( z−tw
y−tv
)
Ψ4(
√
(y − tv)2 + (z − tw)2e−α arctan( z−twy−tv ), te−α arctan( z−twy−tv ), 1, 5, 6, β4 + 7 + α11
u− β arctan(z−tw
y−tv ), fe
α arctan( z−tw
y−tv
))
4.10 e2α arctan(
v
w
)Ψ4((x− tu)eα arctan( vw ), teα arctan( vw ),
√
v2 + w2, fe−α arctan(
v
w
)) 2, 3, 4, 7 + α11
4.11 t−2Ψ4(te
α arctan( v
w
), t−βeαu,
√
v2 + w2, f t) 1, 2, 3, β4 + 7 + α11, α 6= 0
4.12 Ψ4(u+ β arctan(
v
w
),
√
v2 + w2, t, f) 1, 2, 3, β4 + 7
4.13s Ψ4(r, U, V
2 +W 2, f) 7, 8, 9, 10
4.14 Ψ4(v
2 + w2, x, u, f) 2, 3, 7, 10
4.15 Ψ4(x+ arctan(
v
w
),
√
v2 + w2, u, f) 2, 3, 1 + 7, 10
4.16 Ψ4(2α arctan(
v
w
) + 2x− t2,√v2 + w2, t− u, f) 2, 3, α1 + 7, 4 + 10
4.17 Ψ4(x− tu, (y − tv)2 + (z − tw)2, t, f) 4, 5, 6, 7
4.18 Ψ4(x− tu− arctan(z−twy−tv ),
√
(y − tv)2 + (z − tw)2, t, f) 4, 5, 6, 1 + 7
4.19 Ψ4(x− tu− α arctan( z−v−tww+y−tv ),
√
(w + y − tv)2 + (z − v − tw)2, t, f) 4, 3 + 5, 2− 6, α1 + 7
4.20 Ψ4(u− α arctan( z−v−tww+y−tv ),
√
(w + y − tv)2 + (z − v − tw)2, t, f) 1, 3 + 5, 2− 6, α4 + 7
4.21 Ψ4(x− tu+ arctan( vw ),
√
v2 + w2, t, f) 2, 3, 4, 1 + 7
4.22 Ψ4(u− βt, t+ arctan( vw ),
√
v2 + w2, f) 1, 2, 3, β4 + 7 + 10
4.23 y−2Ψ4(
z
y
, v, w, fy) 1, 4, 10, 11
4.24 x−2Ψ4(u, v, w − α lnx, fx) 2, 3, 10, α6 + 11, α 6= 0
4.25 x−2Ψ4(u, v, w, fx) 2, 3, 10, 11
4.26 t−2Ψ4(u− xt , v − yt , w − zt , f t) 4, 5, 6, 11
4.27 t−2Ψ4(
y−tv
t
, z−tw
t
, t−βeu−αv, f t) 1, α4 + 5, 6, β4 + 11, α 6= 0
4.28 t−2Ψ4(u− β ln t, v − yt , w − zt , f t) 1, 5, 6, β4 + 11
Table C1. Group classification of Eq. (4) (Continued).
Subalgebra no. Source function q Subalgebra
4.29 t−2Ψ4(
y
t
− α ln t, v − α ln t, w − z
t
, f t) 1, 4, 6, α5 + 11
4.30 t−2Ψ4(t
−βe
x−αtw
t , t−βeu−αw, t−σev , f t) 2, 3, α4 + 6, β4 + σ5 + 11
4.31 t−2Ψ4(u− xt , v − α ln t, w − β ln t, f t) 2, 3, 4, α5 + β6 + 11, α2 + β2 6= 0
4.32 t−2Ψ4(u− xt , v, w, ft) 2, 3, 4, 11
4.33 t−2Ψ4(u− β ln t, v, w, ft) 1, 2, 3, β4 + 11, β 6= 0
4.34 t−2Ψ4(u, v, w, ft) 1, 2, 3, 11
4.35 Ψ4(t
2 − 2x+ 2αv, u − t, w − βt, f) 2, 3, α1 + 5, 4 + β6 + 10
4.36 Ψ4(x− αv, u,w − t, f) 2, 3, α1 + 5, 6 + 10
4.37 Ψ4(u, v − x,w, f) 2, 3, 1 + 5, 10
4.38 Ψ4(x, u,w, f) 2, 3, 5, 10
4.39 Ψ4(u− t, v, w, f) 1, 2, 3, 4 + 10
4.40 Ψ4(u, v, w, f) 1, 2, 3, 10
4.41 Ψ4(y − σu− tv − βw, z − τu− αv − tw, t, f) 1, σ2 + τ3 + 4, α3 + 5, β2 + 6,
σ2 + τ2 + (α+ β)2 = 1
4.42 Ψ4(y − tv + w, y − tz + w(t2 + 1), t, f) 1, 4, 3 + 5, 2− 6
4.43 Ψ4(v − yt , w − zt , t, f) 1, 4, 5, 6
4.44 Ψ4(v − x+ α(z − tw), u, t, f) 2, α1 + 3, 1 + 5, 6, α 6= 0
4.45 Ψ4(u, v − x, t, f) 2, 3, 1 + 5, 6
4.46 Ψ4(t, u, w +
βx−z
t
, f) 1 + β3, 2, 5, 6
4.47 Ψ4(x, u, t, f) 2, 3, 5, 6
4.48 Ψ4(v − z + tw, u, t, f) 1, 2, 3 + 5, 6
4.49 Ψ4(u,w − zt , t, f) 1, 2, 5, 6
4.50 Ψ4(v,w, t, f) 1, 2, 3, 4
5.1s r−2Ψ3(U, V
2 +W 2, fr) 7, 8, 9, 10, 11
5.2c r−2Ψ3(V,W, fr) 1, 4, 7, 10, 11
5.3 x−2Ψ3(v
2 + w2, u, fx) 2, 3, 7, 10, 11
5.4 e2α arctan(
v
w
)Ψ3(u+ β arctan(
v
w
),
√
v2 + w2, fe−α arctan(
v
w
)) 1, 2, 3, 10, β4 + 7 + α11
5.5 t−2Ψ3(
x−tu
t
,
(y−tv)2+(z−tw)2
t2
, f t) 4, 5, 6, 7, 11
5.6 t−2Ψ3(
x−tu
t
, v2 + w2, f t) 2, 3, 4, 7, 11
5.7 t−2Ψ3(t
βe
α arctan( z−tw
y−tv
)−u
,
√
(y−tv
t
)2 + (z−tw
t
)2, f t) 1, 5, 6, α4 + 7, β4 + 11
5.8 t−2Ψ3(t
−βeu+α arctan(
v
w
),
√
v2 + w2, f t) 1, 2, 3, α4 + 7, β4 + 11
Table C1. Group classification of Eq. (4) (Continued).
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5.9 e
−2α arctan( z−tw
y−tv
)
Ψ3(
√
(y − tv)2 + (z − tw)2e−α arctan( z−twy−tv ), te−α arctan( z−twy−tv ), 1, 4, 5, 6, 7 + α11
fe
α arctan( z−tw
y−tv
))
5.10 t−2Ψ3(
x
t
− β
α
ln t, u− β
α
ln t, f t) 2, 3, 5, 6, β4 + 7 + α11, α 6= 0
5.11 t−2Ψ3(te
α arctan( v
w
),
√
v2 + w2, f t) 1, 2, 3, 4, 7 + α11, α 6= 0
5.12 Ψ3(t− u− α arctan( vw ),
√
v2 + w2, f) 1, 2, 3, α4 + 7, 4 + 10
5.13 Ψ3(u− xt , t, f) 2, 3, 5, 6, β4 + 7, β 6= 0
5.14 (4.47) 2, 3, 5, 6, 7
5.15 Ψ3(v
2 + w2, t, f) 1, 2, 3, 4, 7
5.16 Ψ3((w + y − tv)2 + (v − z + tw)2, t, f) 1, 4, 3 + 5, 2− 6, 7
5.17 Ψ3(u, t, f) 2, 3, 5, 6, 1 + 7
5.18 Ψ3(t
2 − 2x, u− t, f) 2, 3, 5, 6, β4 + 7 + β10, β 6= 0
5.19 Ψ3(x, u, f) 2, 3, 5, 6, 7 + 10
5.20 Ψ3(t+ arctan(
v
w
),
√
v2 + w2, f) 1, 2, 3, 4, 7 + 10
5.21 x−2Ψ3(u,w − β lnx, fx) 2, 3, 5, 10, β6 + 11
5.22 e−2βuΨ3(v,w, fe
βu) 1, 2, 3, 10, 4 + β11
5.23 f2Ψ3(u, v, w) 1, 2, 3, 10, 11
5.24 t−2Ψ3(v − yt , w − zt , f t) 1, 4, 5, 6, 11
5.25 t−2Ψ3(u− xt , v − xαt + βα ln t, f t) 2, 3, α4 + 5, 6, β4 + 11, α 6= 0
5.26 t−2Ψ3(
x
t
− β ln t, u− β ln t, f t) 2, 3, 5, 6, β4 + 11
5.27 t−2Ψ3(u− xt , v − β ln t, f t) 2, 3, 4, 6, β5 + 11
5.28 t−2Ψ3(u− β ln t, v, ft) 1, 2, 3, 6, β4 + 11, β 6= 0
5.29 t−2Ψ3(v,w, ft) 1, 2, 3, 4, 11
5.30 Ψ3(2(x− αv) − t2, u− t, f) 2, 3, α1 + 5, 6, 4 + 10, α 6= 0
5.31 Ψ3(t
2 − 2x, u− t, f) 2, 3, 5, 6, 4 + 10
5.32 Ψ3(u, v − x, f) 2, 3, 1 + 5, 6, 10
5.33 Ψ3(x, u, f) 2, 3, 5, 6, 10
5.34 Ψ3(u− t, v, f) 1, 2, 3, 6, 4 + 10
5.35 Ψ3(u− xt , t, f) 2, 3, 4, 5, 6
5.36 Ψ3(t, tu− x+ w, f) 2, 3, 4, 5, 1 + 6
5.37 Ψ3(u, t, f) 1, 2, 3, 5, 6
6.1 f2Ψ2(v
2 + w2, u) 1, 2, 3, 7, 10, 11
6.2 x−2Ψ2(u, fx) 2, 3, 5, 6, 10, 7 + α11, α 6= 0
Table C1. Group classification of Eq. (4) (Continued).
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6.3 e2α arctan(
v
w
)Ψ2(
√
v2 + w2, fe−α arctan(
v
w
)) 1, 2, 3, 4, 10, 7 + α11
6.4 t−2Ψ2((v − yt )2 + (w − zt )2, f t) 1, 4, 5, 6, 7, 11
6.5 t−2Ψ2(v
2 + w2, f t) 1, 2, 3, 4, 7, 11
6.6 t−2Ψ2(u− xt , f t), α 6= 0 2, 3, 5, 6, α4 + 7, β4 + 11
(5.26), α = 0
6.7 t−2Ψ2(
x−tu
t
, f t) 2, 3, 4, 5, 6, 7 + α11, α 6= 0
6.8 e−
2αu
β Ψ2(te
−αu
β , fe
αu
β ), β 6= 0 1, 2, 3, 5, 6, β4 + 7 + α11
t−2Ψ2(u, ft), β = 0, α 6= 0
(5.37), β = 0, α = 0
6.9 Ψ3((u− xt )2 + (v − yt )2 + (w − zt )2, t, f) 4, 5, 6, 7, 8, 9
6.10 Ψ3(
√
u2 + v2 + w2, t, f) 1, 2, 3, 7, 8, 9
6.11 Ψ2(u, f) 2, 3, 5, 6, 1 + 7, 10
6.12 Ψ2(u− t, f), α 6= 0 2, 3, 5, 6, α1 + 7, 4 + 10
(5.31), α = 0
6.13 (5.33) 2, 3, 5, 6, 7, 10
6.14 Ψ2(t, f) 2, 3, 4, 5, 6, 1 + 7
6.15 (5.35) 2, 3, 4, 5, 6, 7
6.16 Ψ2(u, f) 1, 2, 3, 5, 6, 7 + 10
6.17 x−2Ψ2(u, fx) 2, 3, 5, 6, 10, 11
6.18 e−
2w
α Ψ2(v, fe
w
α ) 1, 2, 3, 4, 10, α6 + 11, α 6= 0
6.19 f2Ψ2(v,w) 1, 2, 3, 4, 10, 11
6.20 t−2Ψ2(u− α ln t, f t) 1, 2, 3, 5, 6, α4 + 11
6.21 t−2Ψ2(
x−tu
t
, f t) 2, 3, 4, 5, 6, 11
6.22 Ψ2(u, f) 1, 2, 3, 5, 6, 10
6.23 Ψ2(u− t, f) 1, 2, 3, 5, 6, 4 + 10
6.24 Ψ2(t, f) 1, 2, 3, 4, 5, 6
6.25 Ψ2(t, f), β 6= 0 1, 2, 3, 5, 6, β4 + 7
(5.37), β = 0
7.1 t−2Ψ2(u
2 + v2 + w2, f t) 1, 2, 3, 7, 8, 9, 11
7.2 t−2Ψ2((u− xt )2 + (v − yt )2 + (w − zt )2, f t) 4, 5, 6, 7, 8, 9, 11
Table C1. Group classification of Eq. (4) (Continued).
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7.3 (6.17) 2, 3, 5, 6, 7, 10, 11
7.4 f2Ψ1(v
2 + w2) 1, 2, 3, 4, 7, 10, 11
7.5 e−
2αu
β Ψ1(fe
αu
β ), β 6= 0 1, 2, 3, 5, 6, 10, β4 + 7 + α11
f2Ψ1(u), β = 0, α 6= 0
(6.22), β = 0, α = 0
7.6 (6.21) 2, 3, 4, 5, 6, 7, 11
7.7 t−2Ψ1(ft), α 6= 0 1, 2, 3, 5, 6, α4 + 7, β4 + 11
(6.20), α = 0
7.8 t−2Ψ1(ft) 1, 2, 3, 4, 5, 6, 7 + α11, α 6= 0
7.9 Ψ2(u
2 + v2 +w2, f) 1, 2, 3, 7, 8, 9, 10
7.10 Ψ1(f), α 6= 0 1, 2, 3, 5, 6, α4 + 7, 4 + 10
(6.23), α = 0
7.11 Ψ1(f) 1, 2, 3, 4, 5, 6, 7 + 10
7.12 f2Ψ1(f
αeu) 1, 2, 3, 5, 6, 10, α4 + 11
7.13 t−2Ψ1(ft) 1, 2, 3, 4, 5, 6, 11
7.14 Ψ1(f) 1, 2, 3, 4, 5, 6, 10
8.1 f2Ψ1(u
2 + v2 + w2) 1, 2, 3, 7, 8, 9, 10, 11
8.2 Cf2, α 6= 0 1, 2, 3, 5, 6, α4 + 7, 10, β4 + 11
(7.12), α = 0
8.3 Cf2, α 6= 0 1, 2, 3, 4, 5, 6, 7 + α11, 10
(7.14), α = 0
8.4 (7.13) 1, 2, 3, 4, 5, 6, 7, 11
8.5 Cf2 1, 2, 3, 4, 5, 6, 10, 11
9.1 (8.5) 1, 2, 3, 4, 5, 6, 7, 10, 11
9.2 (6.24) 1, 2, 3, 4, 5, 6, 7, 8, 9
10.1 (7.13) 1, 2, 3, 4, 5, 6, 7, 8, 9, 11
10.2 (7.14) 1, 2, 3, 4, 5, 6, 7, 8, 9, 10
11.1 (8.5) 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11
Appendix D. Representations of invariant solutions
Complete results of representations of invariant solutions of Eq. (4) are presented in this Appendix.
Numbers in the first column are subalgebra numbers of the form m.n, where n represents number
of subalgebra for m-dimensional subalgebras. The superscripts c, and s which are next to this
subalgebra number in the first column indicate that the representation of invariant solution is
presented in the cylindrical coordinate system, or spherical coordinate system, respectively. Here
Ωk is an arbitrary function of k independent variables, and C is constant.
Table D1. Representations of invariant solutions.
Subalgebra Representation of invariant solution f of Eq. (4)
1.1c t−1Ω6(
x
t
− β
α
ln t, r
t
, θ − 1
α
ln t, u− β
α
ln t, V,W )
1.2c Ω6(t, r, βθ − xt , u− xt , V,W )
1.3c Ω6(t, x, r, u, V,W )
1.4c Ω6(t, r, x − θ, u, V,W )
1.5c Ω6(t
2 − 2x, r, t − βθ, u− t, V,W )
1.6c Ω6(x, r, t − θ, u, V,W )
1.7 t−1Ω6(
y
t
, z
t
, x
t
− β ln t, u− β ln t, v, w)
1.8 t−1Ω6(
x
t
, y
t
, z
t
, u, v, w)
1.9 Ω6(t
2 − 2x, y, z, u − t, v, w)
1.10 Ω6(x, y, z, u, v, w)
1.11 Ω6(t, x− tz, y, u− z, v, w)
1.12 Ω6(t, y, z, u − xt , v, w)
1.13 Ω6(t, y, z, u, v, w)
2.1c x−1Ω5(
r
x
, αθ − lnx, u, V,W )
2.2c t−1Ω5(
r
t
, x
t
− αθ − β ln t, u− αθ − β ln t, V,W )
2.3c t−1Ω5(
r
t
, αθ − ln t, u− x
t
, V,W )
2.4c t−1Ω5(
r
t
, αθ − ln t, u− β
α
ln t, V,W )
2.5c Ω5(r, x, u, V,W )
2.6c Ω5(r, x − θ, u, V,W )
2.7c Ω5(r, 2(x − αθ)− t2, u− t, V,W )
2.8c Ω5(t, r, u − xt , V,W )
2.9c Ω5(t, r, u − βθ, V,W )
2.10c Ω5(t, r, u − xt + θt , V,W )
2.11c Ω5(r, θ − t, u− βt, V,W )
2.12 x−1Ω5(
y
x
, z
x
, u, v, w)
2.13 t−1Ω5(
y
t
, z
t
, u− x
t
, v, w)
2.14 t−1Ω5(
y
t
− α ln t, z
t
, u− x
t
, v − α ln t, w)
2.15 t−1Ω5(
z
t
, y
t
− α ln t, u− β ln t, v − α ln t, w)
2.16 t−1Ω5(
y
t
, z
t
, u− β ln t, v, w)
2.17 Ω5(y, z, u, v, w)
2.18 Ω5(2x− t2, y, u− t, v, w − αt)
2.19 Ω5(y, z, u − t, v, w)
2.20 Ω5(t, α(ty − τz) + β(tz − σy) + x(στ − t2), u, v + βy−τxατ−βt , w + tx−αyατ−βt)
2.21 Ω5(t, x, u, v − z+tyt2+1 , w + y−tzt2+1 )
2.22 Ω5(t, x, u, v − yt , w − zt )
Table D1. Representations of invariant solutions (Continued).
Subalgebra Representation of invariant solution f of Eq. (4)
2.23 Ω5(t, x− αy − tz, u− z, v, w)
2.24 Ω5(t, z, u +
αy−x
t
, v, w)
2.25 Ω5(t, y, u− z, v, w)
2.26 Ω5(t, y, z, v, w)
2.27 Ω5(t, x, u, v, w)
3.1c x−1Ω4(
r
x
, u, V,W )
3.2c e−αθΩ4(re
−αθ, u− βθ, V,W )
3.3c t−1Ω4(
r
t
, u− x
t
, V,W )
3.4c t−1Ω4(
r
t
, u− αθ − β ln t, V,W )
3.5 t−1Ω4(
x
t
− β
α
ln t, u− β
α
ln t, arctan(
w− z
t
v− y
t
)− 1
α
ln t,
√
(v − y
t
)2 + (w − z
t
)2)
3.6c t−1Ω4(
r
t
, αθ − ln t, V,W )
3.7 t−1Ω4(
x
t
− β
α
ln t, u− β
α
ln t, arctan(w
v
)− 1
α
ln t,
√
v2 + w2)
3.8s Ω4(t, r, U, V
2 +W 2)
3.9c Ω4(r, u − t− αθ, V,W )
3.10 Ω4(t,
x
t
− β arctan(w−
z
t
v− y
t
), u− β arctan(w−
z
t
v− y
t
),
√
(v − y
t
)2 + (w − z
t
)2)
3.11c Ω4(t, r, V,W )
3.12 Ω4(t, u− xt , arctan(wv )− xβt ,
√
v2 + w2)
3.13 Ω4(t, x, u,
√
v2 + w2)
3.14 Ω4(t, u− αx1+αt , arctan(
w− z
t
v− y
t
)− x1+αt ,
√
(v − y
t
)2 + (w − z
t
)2)
3.15 Ω4(t, u+ β arctan(
y−tv+w
z−tw−v ), x+ (α+ βt) arctan(
y−tv+w
z−tw−v ),√
(y − tv +w)2 + (z − tw − v)2)
3.16 Ω4(t, u, arctan(
w
v
)− x,√v2 + w2)
3.17c Ω4(t− θ, r, V,W )
3.18 Ω4(2x− t2, u− t, arctan(wv )− tβ ,
√
v2 + w2)
3.19 Ω4(x, u, arctan(
w
v
)− t,√v2 + w2)
3.20 y−1Ω4(
y
z
, u− β ln y, v, w)
3.21 t−1Ω4(
x
t
− β ln t, u− β ln t, v − y
t
, w − z
t
)
3.22 t−1Ω4(
y
t
− σ ln t, u− αz
t
− β ln t, v − σ ln t, w − z
t
)
3.23 t−1Ω4(
y
t
, z
t
− σ ln t, v, w − σ ln t)
3.24 t−1Ω4(
y
t
, z
t
, v, w)
3.25 t−1Ω4(
x
t
− β ln t, u− β ln t, v − σ ln t, w)
3.26 t−1Ω4(
x
t
− β ln t, u− β ln t, v, w)
3.27 Ω4(y − βxα + βt
2
2α , u− t, v, w − xα + t
2
2α), α 6= 0
Ω4(t
2 − 2x, u− t, v, w − y
β
), α = 0, β 6= 0
Ω4(t
2 − 2x, y, u− t, v), α = 0, β = 0
3.28 Ω4(z, u− y, v, w)
3.29 Ω4(y, z, v, w)
3.30 Ω4(t
2 − 2x, u− t, v, w − σt)
3.31 Ω4(t
2 − 2x, u− t, v, w)
3.32 Ω4(x, u, v, w − t)
3.33 Ω4(x, u, v, w)
3.34 Ω4(t, x− tu− δv + βw, y − tv + δu− σv − αw, z − tw − βu+ αv − τw)
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Subalgebra Representation of invariant solution f of Eq. (4)
3.35 Ω4(u− xt , v − yt − tz−yt(t2+1) , w − tz−yt2+1 , t)
3.36 Ω4(u− xt+1 , v − yt , w − zt , t)
3.37 Ω4(u− xt , v − yt , w − zt , t)
3.38 Ω4(u, v − yt +
τ(x−αz−βy
t
)
αt2−σt+τβ
, w +
t(x−αz−βy
t
)
αt2−σt+τβ
, t)
3.39 Ω4(u, v − yt , w + x−αzαt , t), α 6= 0
Ω4(x, u, v − yt , t), α = 0
3.40 Ω4(t, w(t
2 − τ) + y − tz, τw − y + tv, u)
3.41 Ω4(t, w(t
2 + 1) + y − tz, w + y − tv, u)
3.42 Ω4(t, u, v − yt , w − zt )
3.43 Ω4(t, tu− x+ βz, v, w)
3.44 Ω4(t, u− xt , v, w)
3.45 Ω4(t, u− z, v, w)
3.46 Ω4(t, z, v, w)
3.47 Ω4(t, u, v, w)
4.1s r−1Ω3(
t
r
, U, V 2 +W 2)
4.2c r−1Ω3(u− αθ, V,W )
4.3 eα arctan(
v
w
)Ω3(xe
α arctan( v
w
),
√
v2 + w2, u)
4.4c r−1Ω3(αθ − ln r, V,W )
4.5 t−1Ω3(
√
(y−tv)2+(z−tw)2
t
, t−βe
x−αt arctan( z−tw
y−tv
)
t , t−βe
u−α arctan( z−tw
y−tv
))
4.6c r−1Ω3(
t
r
, V,W )
4.7 t−1Ω3(t
−βe
x+αt arctan( vw )
t , t−βeu+α arctan(
v
w
),
√
v2 + w2)
4.8 t−1Ω3(
x−tu
t
,
√
(y−tv)2+(z−tw)2
t
, te
−α arctan( z−tw
y−tv
))
4.9 e−α arctan(
z−tw
y−tv
)Ω3(
√
(y − tv)2 + (z − tw)2e−α arctan( z−twy−tv ), te−α arctan( z−twy−tv ),
u− β arctan(z−tw
y−tv ))
4.10 eα arctan(
v
w
)Ω3((x− tu)eα arctan( vw ), teα arctan( vw ),
√
v2 + w2)
4.11 t−1Ω3(te
α arctan( v
w
), t−βeαu,
√
v2 + w2)
4.12 Ω3(u+ β arctan(
v
w
),
√
v2 + w2, t)
4.13s Ω3(r, U, V
2 +W 2)
4.14 Ω3(x, u, v
2 + w2)
4.15 Ω3(x+ arctan(
v
w
),
√
v2 +w2, u)
4.16 Ω3(2α arctan(
v
w
) + 2x− t2,√v2 + w2, u− t)
4.17 Ω3(u− xt , (v − yt )2 + (w − zt )2, t)
4.18 Ω3(x− tu− arctan(z−twy−tv ),
√
(y − tv)2 + (z − tw)2, t)
4.19 Ω3(x− tu− α arctan( z−v−tww+y−tv ),
√
(w + y − tv)2 + (z − v − tw)2, t)
4.20 Ω3(u− α arctan( z−v−tww+y−tv ),
√
(w + y − tv)2 + (z − v − tw)2, t)
4.21 Ω3(x− tu+ arctan( vw ),
√
v2 +w2, t)
4.22 Ω3(u− βt, t+ arctan( vw ),
√
v2 + w2)
4.23 y−1Ω3(
z
y
, v, w)
4.24 x−1Ω3(u, v, w − α lnx)
4.25 x−1Ω3(u, v, w)
4.26 t−1Ω3(u− xt , v − yt , w − zt )
Table D1. Representations of invariant solutions (Continued).
Subalgebra Representation of invariant solution f of Eq. (4)
4.27 t−1Ω3(
y−tv
t
, z−tw
t
, t−βeu−αv)
4.28 t−1Ω3(u− β ln t, v − yt , w − zt )
4.29 t−1Ω3(
y
t
− α ln t, v − α ln t, w − z
t
)
4.30 t−1Ω3(t
−βe
x−αtw
t , t−βeu−αw, t−σev)
4.31 t−1Ω3(u− xt , v − α ln t, w − β ln t)
4.32 t−1Ω3(u− xt , v, w)
4.33 t−1Ω3(u− β ln t, v, w)
4.34 t−1Ω3(u, v, w)
4.35 Ω3(u− t, v − xα + t
2
2α , w − βt), α 6= 0
Ω3(t
2 − 2x, u− t, w − βt), α = 0
4.36 Ω3(u, v − xα , w − t), α 6= 0
Ω3(x, u,w − t), α = 0
4.37 Ω3(u, v − x,w)
4.38 Ω3(x, u,w)
4.39 Ω3(u− t, v, w)
4.40 Ω3(u, v, w)
4.41 Ω3(y − σu− tv − βw, z − τu− αv − tw, t)
4.42 Ω3(y − tv + w, y − tz + w(t2 + 1), t)
4.43 Ω3(v − yt , w − zt , t)
4.44 Ω3(v − x+ α(z − tw), u, t)
4.45 Ω3(u, v − x, t)
4.46 Ω3(t, u, w +
βx−z
t
)
4.47 Ω3(x, u, t)
4.48 Ω3(v − z + tw, u, t)
4.49 Ω3(u,w − zt , t)
4.50 Ω3(v,w, t)
5.1s r−1Ω2(U, V
2 +W 2)
5.2c r−1Ω2(V,W )
5.3 x−1Ω2(v
2 + w2, u)
5.4 eα arctan(
v
w
)Ω2(u+ β arctan(
v
w
),
√
v2 + w2)
5.5 t−1Ω2(
x−tu
t
,
(y−tv)2+(z−tw)2
t2
)
5.6 t−1Ω2(
x−tu
t
, v2 + w2)
5.7 t−1Ω2(t
βe
α arctan( z−tw
y−tv
)−u
,
√
(y−tv
t
)2 + (z−tw
t
)2)
5.8 t−1Ω2(t
−βeu+α arctan(
v
w
),
√
v2 + w2)
5.9 e
−α arctan( z−tw
y−tv
)
Ω2(
√
(y − tv)2 + (z − tw)2e−α arctan( z−twy−tv ), te−α arctan( z−twy−tv ))
5.10 t−1Ω2(
x
t
− β
α
ln t, u− β
α
ln t)
5.11 t−1Ω2(te
α arctan( v
w
),
√
v2 + w2)
5.12 Ω2(t− u− α arctan( vw ),
√
v2 + w2)
5.13 Ω2(u− xt , t)
5.14 (4.47)
5.15 Ω2(v
2 + w2, t)
5.16 Ω2((w + y − tv)2 + (v − z + tw)2, t)
Table D1. Representations of invariant solutions (Continued).
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5.17 Ω2(u, t)
5.18 Ω2(t
2 − 2x, u − t)
5.19 Ω2(x, u)
5.20 Ω2(t+ arctan(
v
w
),
√
v2 + w2)
5.21 x−1Ω2(u,w − β lnx)
5.22 e−βuΩ2(v,w)
5.23 None
5.24 t−1Ω2(v − yt , w − zt )
5.25 t−1Ω2(u− xt , v − xαt + βα ln t)
5.26 t−1Ω2(
x
t
− β ln t, u− β ln t)
5.27 t−1Ω2(u− xt , v − β ln t)
5.28 t−1Ω2(u− β ln t, v)
5.29 t−1Ω2(v,w)
5.30 Ω2(2(x− αv)− t2, u− t)
5.31 Ω2(t
2 − 2x, u − t)
5.32 Ω2(u, v − x)
5.33 Ω2(x, u)
5.34 Ω2(u− t, v)
5.35 Ω2(u− xt , t)
5.36 Ω2(t, tu− x+ w)
5.37 Ω2(u, t)
6.1 None
6.2 x−1Ω1(u)
6.3 eα arctan(
v
w
)Ω1(
√
v2 + w2)
6.4 t−1Ω1((v − yt )2 + (w − zt )2)
6.5 t−1Ω1(v
2 + w2)
6.6 t−1Ω1(u− xt ), α 6= 0
(5.26), α = 0
6.7 t−1Ω1(u− xt )
6.8 e−
αu
β Ω1(te
−αu
β ), β 6= 0
t−1Ω1(u), β = 0, α 6= 0
(5.37), β = 0, α = 0
6.9 Ω2(
√
(u− x
t
)2 + (v − y
t
)2 + (w − z
t
)2, t)
6.10 Ω2(
√
u2 + v2 + w2, t)
6.11 Ω1(u)
6.12 Ω1(u− t), α 6= 0
(5.31), α = 0
6.13 (5.33)
6.14 Ω1(t)
6.15 (5.35)
6.16 Ω1(u)
6.17 x−1Ω1(u)
6.18 e−
w
αΩ1(v)
Table D1. Representations of invariant solutions (Continued).
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6.19 None
6.20 t−1Ω1(u− α ln t)
6.21 t−1Ω1(u− xt )
6.22 Ω1(u)
6.23 Ω1(u− t)
6.24 Ω1(t)
6.25 Ω1(t), β 6= 0
(5.37), β = 0
7.1 t−1Ω1(
√
u2 + v2 +w2)
7.2 t−1Ω1(
√
(u− x
t
)2 + (v − y
t
)2 + (w − z
t
)2)
7.3 (6.17)
7.4 None
7.5 Ce
−αu
β , β 6= 0
None, β = 0, α 6= 0
(6.22), β = 0, α = 0
7.6 (6.21)
7.7 Ct−1, α 6= 0
(6.20), α = 0
7.8 Ct−1
7.9 Ω1(
√
u2 + v2 + w2)
7.10 C, α 6= 0
(6.23), α = 0
7.11 C
7.12 Ce−
u
α
7.13 Ct−1
7.14 C
8.1 None
8.2 None, α 6= 0
(7.12), α = 0
8.3 None, α 6= 0
(7.14), α = 0
8.4 (7.13)
8.5 None
9.1 (8.5)
9.2 (6.24)
10.1 (7.13)
10.2 (7.14)
11.1 (8.5)
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